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Fig. 2 Sketch of typical nodal pattern for free-free
frustums as viewed along the longitudinal axis.

Thus far, no adequate analysis for prediction of the natural
frequencies of frustums of the type under investigation with
free-free boundary conditions is known to the authors. An
analysis4 has been developed, however, which predicts a dif-
ference in the number of circumferential waves for radially
stiffened frustums fixed (imbedded) at the major diameter.

References 2 and 3 develop frequency equations for fixed-
free frustums. Two frequency equations are derived, one for
inextensional (i.e., bending or flexure) and another for ex-
tensional or membrane vibrations. Shell displacements are
assumed for each case and substituted into the potential and
kinetic energy expressions that are then set equal. The ex-
tensional analysis results in a rather complicated matrix that
can be solved for the dimensionless frequency parameter A«,
which is related to the extensional frequencies as follows:

Inextensional frequencies were calculated from the equa-
tion

. ! = hn(n2 - 1)
47rro2 cos a

where N and D are dimensionless geometric parameters.2' 3

The frequency parameter A* is then obtained by replacing fe
in Eq. (1) with/* obtained from Eq. (2).

The theoretical frequency parameter was then formed from
the relation

(A)1/2 = (A, + A,)1/2 (3)
A comparison of the experimental and theoretical value of

the frequency parameter for the fixed-free frustums is shown
in-Fig. 3.

IV. Concluding Remarks
Results of Rayleigh-type vibration analyses2' 3 have shown

good agreement with experimental results for conical frustum
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Fig. 3 Experimental and theoretical frequency charac-
teristics of conical frustum shells with fixed-free end

conditions, m = 1.

shells with fixed-free ends. No adequate theory is known to
the authors for predicting the mode shapes and natural fre-
quencies of free-free frustums. An essential ingredient of
desired analysis is its generality to take into account the dif-
ference in the number of circumferential waves found at the
major and minor diameters of the shell. In addition, a need
for better analytical procedures exists for the determination of
the dynamic behavior of various cylinder-cone combinations
subjected to vibratory loads under all boundary conditions.
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Use of Stress Relaxation Tests
to Characterize Time Dependencies of

a Composite Solid Propellant

JOSEPH H. STOKER*
Thiokol Chemical Corporation, Brigham City, Utah

Introduction

TO define or characterize the behavioral characteristics of a
viscoelastic material accurately, its responses to an ap-

plied load must be determined as a function of strain rate,
time, and temperature. These characteristics may be de-
termined by means of a stress relaxation test. This test re-
quires an instantaneous specimen extension and the measure-
ment of the diminishing force required to maintain the elonga-
tion constant over an extended time period.

Experimental Procedure
The samples used in the stress relaxation determinations

were cast cylindrical specimens, designed for a constant gage
length, with a 0.5-in. diam in the necked-down region.1 The
total specimen length was 3.25 in., with a necked-down length
of 1.8 in. Aluminum end tabs were bonded to the specimen
with Shell 911-S adhesive. The specimens were attached to
the statically mounted load cell and the upper, or movable
jaw.

Extremely rapid specimen extension was achieved by
actuating a gas-operated piston by nitrogen pressure. Both
sides of the piston were pressurized. The pressure above the
piston was then released rapidly by the actuation of a solenoid
valve. The movement of the upper jaw of the apparatus was
prevented until the pressure differential was sufficient to
break a shear pin and extend the specimen in tension at a rate
of 10,500 in./min.

A positive locking cone was machined in the upper plate,
with a matching cone on the upper jaw to maintain the re-
quired specimen alignment during elongation and to prevent
bouncing of the jaw at the end of the stroke. This cone also
creates an air cushion that acts as a retarding force at the end
of the stroke.
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Fig. 1 Stress relaxation test fixture.

Relaxation data were recorded with a dual-beam oscillo-
scope and a strip chart recorder. The electrical signals were
generated by a semiconductor load ring. The elongation was
preset by the use of shims (Fig. 1).

Discussion

Experimental data were obtained from tests performed on a
composite solid propellant at three temperatures and three
moduli. The Joint Army-Navy Air Force (JANAF) moduli of
these propellants were 328, 595, and 966 psi. These propellants
were tested at 50°, 80°, and 135°F. The experimental results
from these tests are shown in Figs. 2-4. The effects of tem-
perature and modulus variation may be seen by examining
these figures.

A digital computer program was used to smooth and aver-
age the raw stress relaxation data. A logarithmic trans-
formation was accomplished, and the least-squares poly-
nominal fit was taken. An accurate representation of the
stress relaxation function was determined to be

y = e exp[A0 (1)

The best model representation of the composite propellant
investigated was a 17-element Wiechert or generalized Max-
well model. The relaxation function \f/(t) for this model may
be used according to the method of Gross2 or Francis and
Cantey3 to perform a viscoelastic transformation and thereby
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Fig. 2 Logarithmic stress relaxation modulus vs logarith-
mic times for a typical composite solid propellant (JANAF

modulus, 328 psi).
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Fig. 3 Logarithmic stress relaxation modulus vs logarith-
mic times for a typical composite solid propellant (JANAF

modulus, 595 psi).

determine the dynamic shear modulus of the material by the
relationships of

Ef = co2

E" =
"(2)

where co is the angular velocity.
Using these equations and the element constants obtained

from the experimental stress relaxation determinations, the
stress relaxation function was converted to the dynamic shear
modulus covering a frequency range of 0.01 to 700 cps. These
converted values are shown in Fig. 5, with experimentally 'de-
rived values for comparative purposes.

Conclusions , ~ :

To obtain a good viscoelastic transformation from the stress
relaxation data to the dynamic shear modulus, the early part
of the stress relaxation function had to be measured very ac-
curately. When the specimen deformation was completed in
0.0004 sec, and a decade of time was dropped from the be-
ginning of the stress relaxation function described experi-
mentally, large variations occurred in the calculated values of
the dynamic shear modulus. The necessity for a load appli-
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Fig. 4 Logarithmic stress relaxation modulus vs logarith-
mic times for a typical composite solid propellant (JANAF

modulus, 966 psi).



1818 AIAA JOURNAL VOL. 2, NO. 10

1000

500

EXPERIMENTAL G

EXPERIMENTAL G

CALCULATED G

0.01 1 10

Frequency (cps)

100 1000

Fig. 5 Dynamic shear modulus vs frequency real (G')
and imaginary (G") parts.

cation within 0.001 sec for accurate viscoelastic transforma-
tions was indicated.

During this investigation, the stress relation functions were
evaluated. The results of these determinations were used
satisfactorily to describe the time dependency of the propel-
lant. This enabled an accurate prediction of the dynamic
shear modulus to be made, as is evidenced by the comparison
of the calculated and the experimentally determined values.
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A Dynamical Model for Kordylewski
Cloud Satellites

FREDERICK V. POHLE*
Adelphi University, Garden City, N. Y.

THE existence of additional natural satellites near the
earth has been the object of observational searches1; no

positive results were announced. In the earth-moon system
it is known2 that the Lagrangian equilateral triangular points
(L4, Ls) are stable points and that matter may remain for a
long time in the regions close to such points. Thus it is
natural to seek the existence of natural satellites in such
regions, and a search was undertaken by K. Kordylewski of
the Cracow Observatory in Poland a number of years ago.
Success was announced3"6 with the statement that a pair of
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thin cloud-like satellites was observed near each stable L point
The observational difficulties are extremely great since the
clouds are observable on only three nights a month for about
two hours between December and April.7 Although a search
has been underway to detect meteoroids within the clouds,
none as bright as the twelfth-magnitude has been detected up
to the present time.

The existence of dust in the earth-moon space is well
known,8"10 and the object of the present note is to suggest a
possible dynamical model11 to explain the accumulation in the
form of clouds observed by Kordylewski. A different ex-
planation has been advanced12 based on the motion of
particles near the stable L points in the form of periodic
orbits.

The present model assumes the existence of a small nucleus
at the stable L point and the existence of dust moving in the
region, near the L point. Since matter can accumulate near
the L point, it is at least possible that a small mass, once
captured, would remain near the stable point for an indefinite
time. This is clearly an assumption at the present time, since
the observations have not given positive evidence of the
existence of a nucleus. The location of the L point in the
earth-moon system is of course determined by the dimensions
of that system. Nevertheless, the sphere of influence of the
moon is too small for the moon to have an appreciable in-
fluence on dust particles near such an L point and, for purposes
of a simplified presentation, the effect of the moon will be
ignored: a more accurate analysis leads to the same conclu-
sions. The analysis is similar in some respects to the ex-
planation of the gegenschein13 at the unstable L points
(Li, L2, L8).

It will be assumed that the nucleus, as well as the cloud
near it, moves in a circular orbit about the earth at a distance
equal to that of the lunar distance a in Fig. 1. The small
mass is m(x, y) and the plane of the orbit is the (x, y) plane.
A general particle of the cloud is at (f, rj, f), and the distance
from the nucleus to any particle is r2, which is small com-
pared with a, and with n, the distance to the earth of mass M
located at the origin; the ratio m/M = ft is assumed to be
extremely small compared with unity.

The particle (£, rj, f) is attracted by m and M but does not
influence their motion; m is in uniform circular motion
about M. The equations of motion of a typical dust particle
can be written as

- x)/rj

(1)

where G is the gravitational constant and ri2 = £2 + if + f2,
r<? = (£ — z)2 + (vj — y)2 + f2 ; x = a ces(Art), y = a sin (Art),
A;2 = GM/a*.

The usual uniformly rotating reference system is now in-
troduced in which m is a fixed point on the X axis; the unit of
distance is chosen to be a, and the dimensionless time r = kt
is introduced as the new independent variable, with ' = d/dr;

Fig. 1


